We consider several different bidirectional Whitham equations that have recently appeared in the literature. Each of these models combine the full two-way dispersion relation from the incompressible Euler equations with a canonical shallow water nonlinearity, providing nonlocal model equations that may be expected to exhibit some of the interesting high-frequency phenomena present in the Euler equations that standard "long-wave" theories fail to capture. Of particular interest here is the existence and stability of periodic traveling wave solutions in such models. Using numerical bifurcation techniques we construct global bifurcation diagrams for each system and compare the global structure of branches, together with the possibility of bifurcation branches terminating in a "highest" singular (peaked/cusped) wave. We also numerically approximate the stability spectrum along these bifurcation branches and compare the stability predictions of these models. Our results confirm a number of analytical results concerning the stability of asymptotically small waves in these models and provide new insights into the existence and stability of large amplitude waves.
Introduction
While the Euler equations form the de-facto model for water waves, analysis of this very general model remains difficult, and simpler models have been proposed. Using KdV as a starting point, which is known to be a good model for waves of large wavelength in shallow water, Whitham [24] proposed the model u t + Mu x + uu x = 0, where the operator M is a Fourier multiplier with symbol m(ξ) = tanh(ξ)/ξ, that incorporates the full unidirectional dispersion relation for the Euler equations in an effort to better capture mid-and high-frequency phenomena found in the Euler equations, such as wave breaking. His equation, now referred to as the Whitham equation, has received considerable attention in recent years, having been investigated analytically ( [11] , [8] , [7] , [14] ) as well as numerically ( [22] , [11] , [21] ). These studies have found that the unidirectional Whitham equation not only captures wave breaking [13] , but also exhibits a highest cusped traveling wavetrain [10] , existence of smooth solitary traveling waves [10] , as well as the famous Benjamin-Feir, or modulational, instability for small amplitude wavetrains [14] . Furthermore, generalizations of Whitham's equation accounting for constant vorticity and surface tension have been studied [15] . However, Whitham's equation fails to capture particular high-frequency (spectral) instabilities of small periodic wavetrains due to the unidirectionality of wave propagation; see [6, 5] .
Recently there has been interest in bidirectional Whitham models [18, 7, 12, 19, 9, 2] in an effort to discover models that capture more of the important qualitative properties of the full Euler equations, e.g. existence of smooth solitary waves and peaked traveling waves, and both highfrequency and modulational instabilities of small periodic wavetrains. These are often built as full-dispersion generalizations of the nonlinear shallow water equations
(1.1)
However, there does not seem to be a unique way to generalize (1.1) to incorporate the full dispersion relation for the Euler equations. Indeed, several different models can be found in the literature, all of which claim to be bidirectional Whitham equations. One of the main goals of this paper is to numerically investigate the existence and stability of periodic wavetrains of both small and large amplitude, including the existence of highest peaked / cusped traveling waves, providing numerical confirmation of known analytical results as well as offering new conjectures for large amplitude waves in hopes of spurring further analytical study.
In this paper, we will study three fully-dispersive shallow water wave models that have been presented in the literature. In [18] , the authors derived from the Euler equations the bidirectional Whitham equation, written here in non-dimensional form as
where the operator K incorporates the full Euler-dispersion and is defined via its symbol Kf (n) := tanh(n) n f (n), n ∈ Z.
(1.3)
Here, η represents the fluid height and u = φ x with φ(x, t) = φ(x, η(x, t), t) denoting the trace of the velocity potential at the free surface. An easy calculation shows the dispersion relation of (1.2) agrees exactly with that of the full euler equations. The model (1.2) also appeared in [23, Section 6.3] where it was described as a linearly well-posed regularization of the linearly illposed, yet completely integrable, Kaup system. While the well-posedness of this system is not fully understood, a recent result [9, Theorem 1] establishes that (1.2) is locally well-posed for all initial data η(x, 0) = ψ(x), u(x, 0) = φ(x) with inf ψ > 0. Though this result does not prove that the system is ill-posed for initial data having negative infimum, numerical evidence suggests that this is indeed the case: see Section 3.1.2 for further details. Furthermore, in [7] the existence of 2π-periodic traveling wave solutions of (1.2) were constructed, and it was proven that there exists a highest wave with a logrithimically-cusped singularity. Concerning the the stability of wavetrains, it has recently been shown that there exists a critical wavenumber κ c ≈ 1.008 such that all 2π/κ-periodic wavetrains of (1.2) of sufficiently small amplitude are modulationally unstable provided κ > κ c : see [19] . Our studies numerically confirm this rigorous modulational instability result, and we investigate the presence of such instabilities for large amplitude wavetrains as well. Alternatively, in [12] the authors propose the non-dimensional, full dispersion shallow water model
where K, u, and η are as in (1.2) . In [12] , the authors establish the local well-posedness of (1.4) as well as the existence of even, small-amplitude, 2π/κ-periodic wavetrains for all κ > 0. They also showed that this system possesses a critical wavenumber κ c ≈ 1.610 such that all periodic waves of sufficiently small amplitude are modulationally unstable for κ > κ c . In Section 3.2 below, we numerically study the existence and stability of wavetrain solutions of (1.4), including those of large amplitudes. We note that, in contrast with (1.2), it appears branches of smooth periodic traveling waves in (1.4) bifurcating from a zero-amplitude state do not appear to peak/cusp; rather, we posit that such waves of arbitrarily large amplitude are smooth. Lastly, in [3, Section 5], a bidirectional Boussinesq-Whitham model is proposed:
which we write as a first order system:
This model is based on the so-called "bad Boussinesq" equation
from shallow water theory. Although (1.6) is known to be ill-posed, see [12, Appendix C], it has nevertheless been shown to exhibit high-frequency instabilities of small amplitude periodic wavetrains, which are known to exist in the full Euler equations; see [17, 5] . In Section 3.3 below, we study the numerically existence and stability of large-amplitude periodic wavetrains of (1.6), and provide numerical evidence that the bifurcation branch of such such solutions terminates with a peaked or cusped wave.
To streamline our discussion and to set up a framework amenable to "black-box" computations, we will view each of the systems (1.2), (1.4), and (1.6) in a very general framework of the form
where
. For the models being considered, one of F or G will incorporate the Euler dispersion operator K. Upon transforming x → x − ct in (1.7), traveling wave solutions with wavespeed c satisfy (with a slight abuse of notation) 8) and equilibrium solutions (u(x, t), η(x, t)) = (φ(x), ψ(x)) of the above traveling wave system satisfy the profile equations
Assuming that one can resolve either ψ(x) in terms of φ(x) or φ(x) in terms of ψ(x) in (1.9), which will fortunately be the case for our intended applications, we can conveniently express a single profile equation for, say, φ in the form
where K is as in (1.3) and g implicitly relates the wavespeed c and its corresponding profile φ. Using this framework, we implement numerical methods for each model to compute a global bifurcation of periodic solutions from a constant amplitude state, as well as the spectrum of the linearization for a sampling of waves of various heights. See Section 2 and Appendix A for detailed discussions of these methods.
Through numerical experiments, we find that, from the perspective of bifurcation and stability of periodic wave trains, the three models discussed above have many similar qualitative features. We find that periodic traveling waves in each of these models indeed exhibit both high-frequency and modulational instabilities for waves of sufficiently large amplitude. However, high-frequency instabilities for small amplitude waves as predicted by the full Euler equations are numerically imperceptible for the models considered here, suggesting that these models fail to capture highfrequency instabilities in arbitrarily small amplitude waves. Furthermore, we find that while the global bifurcation branches of smooth periodic wavetrains for the models (1.2) and (1.5) seem to terminate in a highest singular (peaked/cusped) wave, our numerical experiments lead us to conjecture that the corresponding branches for the model (1.4) extend to arbitrarily high amplitude smooth solutions. Furthermore, while the model (1.4) is known to be locally well-posed [12] , the model (1.2) is only known to be conditionally locally well-posed [9] , requiring that the height profile η of the initial data be uniformly positive. In Section 3.1.2 below we provide strong numerical evidence that the local evolution of (1.2) is in fact ill-posed if the positivity condition on η is removed. This leads us to construct new branches of periodic wavetrains of (1.2) with uniformly positive η, which had previously been unstudied: see Section 3.1.3 below.
The outline of this paper is as follows. In Section 2 we discuss the numerical bifurcation techniques used throughout our studies to construct the global bifurcation curves of periodic wavetrain solutions with fixed period. In Section 3 we present our main results for each of the models (1.2), (1.4), and (1.5): see Sections 3.1, 3.2, and 3.3, respectively. Further, in Section 3.1.1 describes in detail the numerical methods used to approximate the stability spectrum associated to periodic wavetrains of (1.2). Section 4 provides a concluding summary of the main observations of this paper. In Appendix A we detail how these numerical stability methods extend to more general models, including (1.4) and (1.5).
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Numerical Bifurcation Methods
In this section we discuss the methods used to numerically approximate the even, 2π-periodic solutions of the bidirectional Whitham models. In summary, the approximations will be obtained by truncating an expansion of the profile φ in an appropriate Fourier basis and discretizing the integrals that yield the Fourier coefficients. The resulting expression will then be used to form a discretized version of the profile equation (1.10), which will be enforced at a fixed number of collocation points in order to yield a nonlinear system of equations which may be solved, for example, via Newton's method. Using the local bifurcation theory for the model to generate an "initial guess" for the nonlinear system solver, an algorithm known as the pseudo-arclength method will be employed as a robust method for simultaneously continuing the the values of the wavespeed and its corresponding approximate profiles along a global bifurcation branch.
Cosine Collocation Method
Note that even, 2π/κ-periodic functions φ = φ(x) are naturally represented in a cosine series
Partitioning the interval [0, π/κ] into N subintervals, for each n ∈ N 0 we discretize the integrals in (2.2) by the midpoint method as
where the x i = (2i − 1)π 2κN for i = 1, 2, . . . , N are the so-called collocation points on [0, π/κ]. Using this approximation in (2.2), we obtain the following approximations of the series coefficients:
Using this approximation for the series coefficients in (2.1), and truncating the series to N terms, we obtain
Moreover, note that since φ is even, so is Kφ, where again K is defined as in (1.3) . It follows we can approximate Kφ(x) similarly by truncating cosine series expansion and again approximating coefficients with (2.4):
Thus we arrive at an approximate profile equation:
For notational convenience, going forward we denote evaluation of φ N and (Kφ) N at each collocation point x i via a superscript:
Enforcing (2.7) at each x i yields a nonlinear system
which we will endeavor to solve for wavespeed c and approximate points φ 1 N , . . . , φ N N on the corresponding profile.
Remark 2.1. Note that the system defined by (2.8) is actually underdetermined, as it contains N + 1 unknowns but only N equations. However, as discussed below, the numerical continuation algorithm will impose an additional condition as these solutions are computed along the global bifurcation branch, at each step yielding a well-defined, full-rank system.
Numerical Continuation by the Pseudo-Arclength Method
To solve the discretized profile system (2.8), we use the pseudo-arclength method, a numerical continuation algorithm which is well-known to the numerical bifurcation community. Nevertheless, we provide a summary of the method here.
For further notational convenience, let y := (c, φ 1 N , . . . , φ N N ) ∈ R N +1 and define f : R N +1 → R N by f (y) := (f 1 (y), . . . , f N (y)). Then to solve (2.8), we seek y such that
The pseudo-arclength method is a predictor-corrector method; given a point on the solution curve f (y) = 0, another solution is found by first applying an extrapolation (predictor ) from the known solution, followed by a corrector process projects the extrapolation back onto the solution curve. More specifically, the pseudo-arclength method follows the following program:
1. Given a point y 0 ∈ R N +1 with f (y 0 ) = 0, a unit tangent direction z 0 to the solution curve at y 0 , and a step size h, form the predictor y 
3. For the next step of the method, a suitable tangent vector z 1 to the solution curve at the point y 1 can be found by solving for z 1 in the following system of N + 1 equations and N + 1 unknowns:
Note that the z 1 solved for in (2.10) will not necessarily be of unit length and should therefore be normalized before further iteration. Steps (1)-(3) above can be iterated to continue from a solution y k to another point y k+1 such that f (y k+1 ) = 0. See Figure 1 for a graphical illustration of the method.
Remark 2.2. The first equation in (2.10) is the tangency condition ensuring that z 1 is tangent to the solution curve at y 1 . The second equation is an orientation condition guaranteeing that the angle between z 0 and z 1 is acute. Hence the tangent vectors will be consistently oriented from one iteration to the next so that the method always makes "forward progress", not backtracking toward the previous solution point. Together, these conditions form a full-rank system that can also be solved using a nonlinear equation solver. In theory, any positive number could be used on the right-hand side of the orientation condition of (2.10). The only difference would be the magnitude of the solution z 1 , which is inconsequential as this initial solution is scaled to unit length before further iteration.
As is evident from
Step (1) of the pseudo-arclength algorithm given above, it is necessary to start the method with an initial point y 0 such that f (y 0 ) = 0. We can find such a point near the start of the bifurcation branch by using the local bifurcation theory for the model, which yields curves c = c(ε) and φ = φ(x, ε) that trace the bifurcation branch for ε > 0 small. Indeed, for small ε 0 > 0 fixed, consider
(2.11) Figure 1 : Illustration of the pseudo-arclength method: via a predictor-corrector scheme, for a given point y k such that f (y k ) = 0 the method computes y k+1 such that f (y k+1 ) = 0 and a consistently-oriented tangent direction z k+1 at y k+1 .
This y * 0 does not necessarily solve f (y * 0 ) = 0, but by virtue of ε 0 being small, y * 0 should be close to the solution curve. Thus we may use y * 0 as a good "initial guess" for a nonlinear system solver applied to finding φ 1
We use this solution to form the initial point on the solution curve:
Moreover, since the local bifurcation curve is parameterized by ε for ε > 0 small, we compute the tangent direction to the local bifurcation curve at y * 0 by differentiating with respect to ε at ε 0 and normalizing to unit length:
is not necessarily tangent to the solution curve, but since ε 0 > 0 is small, z * 0 is very nearly tangent to the solution curve at y 0 as found above, and we take z 0 := z * 0 /|z * 0 | as the initial tangent direction.
Remark 2.3. In practice it typically does not matter that z 0 is not exactly tangent to the solution curve at y 0 . For that matter, y * 0 as defined in (2.11) can typically be used as the initial starting point without the preliminary Newton solve discussed above to find a y 0 as defined in (2.12). The accuracy of y * 0 and z * 0 affects the quality of the first predictor y p 1 , but for small ε 0 these initial inaccuracies are mitigated by the Newton solver in steps (2) and (3) of the method to obtain y 1 and z 1 . Then, fortunately, all future iterations will have highly accurate starting points and tangent directions from which to form their predictors.
Numerical Results
In this section, we present our main numerical results for each of the bidirectional Whitham models (1.2), (1.4), and (1.6). Precisely, we implement the program outlined by the numerical bifurcation methods described in Section 2 to compute small and large amplitude traveling periodic profiles, and we produce the global bifurcation diagrams of periodic traveling waves with fixed period. Moreover, we study the stability of these waves to localized, i.e. integrable on R, perturbations by using a Fourier-Floquet Hill method [4] to numerically compute the spectrum of the associated linearized operators. We begin our analysis by demonstrating the relevant details of the computations for the model (1.2). Since the details for the models (1.4) and (1.6) are highly similar, only a summary of the relevant formulas will be provided for these other models.
Analysis of System (1.2)
We begin our analysis by considering the existence of periodic traveling waves to the bidirectional Whitham model (1.2):
Recall in the modeling of shallow water waves, η represents the fluid height and u is the trace of the velocity potential at the free surface. Transforming to traveling wave coordinates x → x − ct, such solutions are seen to be stationary, spatially periodic solutions (u(x, t), η(x, t)) = (φ(x), ψ(x)) of the evolutionary equation
and hence the profiles φ, ψ satisfy the system
Upon integrating (3.2) and setting constants of integration to zero 1 , we can resolve ψ in terms of φ in (3.2) to obtain
As explained in [7] , one should not expect (3.3) to admit smooth solutions of arbitrary amplitude. Indeed, notice if φ is an H 1 solution of (3.3) then differentiating (3.3) yields
The operator K improves the smoothness of its operand by exactly one order, hence by (3.4) we have that φ is as smooth as φ so long as demonstrates that φ is in fact C ∞ . When continuing from constant solutions, i.e. solutions with height zero, the breakdown of smoothness occurs when . Thus we expect (as is shown in [7] ) that periodic solutions of (3.3) along the bifurcation branch with fixed period will have a maximum amplitude of
See [7] for details of the above arguments.
Analysis of Waves Bifurcating from Zero
We begin by studying the bifurcation of 2π/κ-periodic traveling wave solutions of (3.3) bifurcating from the trivial state φ = 0. To this end, using the profile equation (3. 3) in combination with the following local bifurcation formulas (see [7, Proposition 5 
we apply the pseudo-arclength method as discussed in Section 2.2 to compute approximations
A global bifurcation plot of waveheight vs. wavespeed for various wavenumbers κ is shown in Figure 2 (b), where we define waveheight := max which is well-defined due to the monotonicity properties of even solutions along the global bifurcation branch as demonstrated in [7] .
To illustrate the our numerical results for this model, we sample a selection of points along the global bifurcation diagram as described in Figure 2(a) . As shown in Figure 3(a) , the crest at the maximum of the smooth profiles along the global bifurcation branch becomes sharper as the waveheight increases, appearing to converge to a non-trivial profile with a singularity at the origin. The existence and qualitative properties of this highest singular wave has been studied analytically in [7] , where it was shown the highest wave has a logarithmic cusp of order |x ln|x|| near the top of the bifurcation curve: see Figure 3 (b). We refer the interested reader to [7] for details.
In addition to the existence of a highest singular wave, we also wish to understand the dynamical stability of the smooth periodic solutions constructed above. To this end, we wish to determine the spectrum of the linearization of (3.1) about such a smooth periodic traveling wave φ. To linearize the traveling wave system (3.1) about the velocity profile φ described above and the corresponding height profile ψ = cφ − 1 2 φ 2 , we write
where here, since we are interested in the stability to localized perturbations, we require that v(·, t), w(·, t) ∈ L 2 (R). for each time t > 0 for which they are defined. Substituting these expansions into the first equation of (3.1) yields
as ε → 0, where the O(1) terms vanish per the equilibrium system (3.2). Taking ε → 0 above and decomposing the perturbations as (v(x, t), w(x, t)) = e λt (v(x), w(x)) yields the spectral problem
By Floquet theory, we know the spectrum associated to L is purely essential, containing no isolated eigenvalues of finite multiplicity: see [20, 1] . Indeed, one can show that λ belongs to the L 2 (R)-spectrum of L if and only if there exists a so-called "Bloch parameter" µ ∈ [0, 1) such that (3.7) has a bounded solution satisfying
for all x ∈ R. It follows that the perturbations (v, w) in (3.7) can be expanded in "Bloch" form as
Substituting the expansions (3.8) for v and w into (3.7)(i), we obtain where here φ(n) denotes the nth Fourier coefficient associated to the periodic profile φ. It follows that each m ∈ Z we must have
and δ m,n is the Kronecker delta. Similarly, substituting the expansions (3.8) into (3.7)(ii) yields,
Defining the bi-infinite matrices
entry-wise for row-m and column-l with m, l ∈ Z, the system (3.9)-(3.10) can be written in block bi-infinite matrix form as where V , W denote the bi-infinite arrays
For each µ, the spectrum of L µ consists of countably many discrete eigenvalues with finite multiplicity and, furthermore, by the above considerations we have the spectral decomposition
We numerically approximate the spectrum of the bi-infinite matrix L µ by taking a sequence of µ in a finite discretization of [0, 1), truncating each block of L µ in (3.11) to finite dimension, and computing the eigenvalues of the truncated matrix using a standard matrix eigenvalue solver. See Appendix A for further discussion. See Figure 4 for plots of the spectrum at the sampled points on the bifurcation diagram of 2π-periodic solutions in Figure 2 (a), as well as Figure 5 for plots of the growth rate (λ) vs. the Bloch parameter µ. It is known that the full Euler equations exhibit high-frequency instabilities (visually characterized by "bubbles" of spectrum emanating from the imaginary axis from points away from the origin) in small-amplitude periodic traveling waves; however, we discover that while this model demonstrates both high-frequency and modulational instabilities for waves of sufficiently high amplitude, a high-frequency instability is numerically undetectable for small amplitude waves: see Figure 4 (a) and Figure 5(a) below. Whether such instabilities are actually nonexistent or simply not detected for small amplitude waves in our numerics is unclear.
Solutions of different wavelength can be generated by varying the value of κ, as shown in the plot of the bifurcation diagrams for various κ in Figure 2(b) . In [12] , an analysis of asymptotically small amplitude waves shows that there exists a critical value κ c such that all waves are modulationally unstable for all κ > κ c where κ c ≈ 1.008. Inspired by this analysis, we performed numerical experiments varying the value of κ for small, but fixed, waveheights, finding very good agreement with the results in [12] . Figure 6 (a) demonstrates that waves with waveheight 0.01766 and corresponding to κ = 1.005 are modulationally stable, while for κ = 1.008 a modulational instability appears for waves of the same height: see Figure 6 
Time Evolution and Ill-Posedness
The numerical findings in the previous section are restricted to waves bifurcating from the zero constant state in the bidirectional Whitham model (1.2). This is largely motivated by the fact that the authors have recently analytically studied the structure of the global bifurcation branch in [7] . In an effort to understand the nonlinear dynamics about the numerically computed profiles in Figure 2 (a), we use a sixth-order pseudospectral operator splitting method [25] to evolve (3.1) with the numerical solutions as initial data, with the expectation that the initial profile translates as a traveling wave with corresponding wavespeed c, mapping onto itself after an integral number of temporal periods T = 2π κc . Interestingly, however, such time evolution attempts failed, resulting in wild oscillations after a short amount of time, e.g. 38.3% of a temporal period for a 2π-periodic wave of small waveheight max ψ − min ψ ≈ 0.00012. See Figure 7 . This seems to suggest that either the solutions computed in Figure 2 (a) are in fact not traveling wave solutions of (1.2), or that the local evolution in the PDE (1.2) about such waves is ill-posed.
In this direction, we note that it has recently been reported in [9, Theorem 1.] that (1.2) is locally well-posed for all initial data η(x, 0) = ψ(x), u(x, 0) = φ(x) with inf x∈[0,2π) ψ(x) > 0. As the height profiles about the waves along the bifurcation curves constructed above all have a strictly negative infimum, it follows that the local well-posedness result in [9] does not apply to the waves constructed in the previous section and hence, by extension, also not to the waves constructed in [7] . The time evolution results reported in Figure 7 strongly indicate that the positivity assumption on the height profile η in [9] is sharp and cannot be removed in general.
Analysis of Waves with Positive Height Profile
Given the well-posedness result discussed above, and the apparent failure of the local dynamics near the waves considered above to be have well-posed local dynamics in (1.2), it is natural to attempt to construct wavetrain solutions of (1.2) for which the local evolution is well-posed. With the result of [9] in mind, we seek to construct solutions of (3.1) that have strictly positive height profiles η(x) by bifurcating from a positive constant state. As discussed in [7] , the curves of trivial solutions for (3.1) are given by
and the waves studied in Section 3.1 above bifurcate from the zero-amplitude state, with the height profiles η(x) all having strictly negative infima. Since Γ − (c) > 0 for all c > 1, this motivates an attempt to construct waves that bifurcate from the the Γ − curve, which (at least for small waveheight) are guaranteed to fall into the regime of well-posedness: see Figure 8 below.
To this end, observe that non-zero constant profiles φ of (3.3) satisfy
Let (φ * , c * ) be a solution of (3.12) for c * > 1. In order for non-trivial, real-valued, even, periodic solutions to branch from the constant state at c * , the kernel of the Frechet derivative δ φ Q(φ * , c * ) must be non-trivial. If v ∈ ker(δ φ Q(φ * ; c * )) with v(x) = ∞ n=0 v(n) cos(nκx), then Taking the Fourier transform yields
and we see that if
for fixed n 0 ∈ N 0 , then span{cos(κn 0 x)} = ker(δ φ Q(φ * , c * )).
Combining and (3.13) yields a system of necessary conditions for a non-trivial branch of 2π/(κn 0 )-periodic traveling wave solutions of (1.2) to appear:
(3.14)
For positive wavespeed, this system has a unique solution (c * (n 0 ), φ * (n 0 )) for each n 0 ∈ N 0 . In the case of n 0 = 1, corresponding to 2π-periodic solutions of (3.3), we find c * ≈ 1.11834, φ * ≈ 0.15677.
By standard Lyapunov-Schmidt arguments, it can be shown that a local bifurcation of 2π-periodic wavetrains of asymptotically small waveheight occurs at (φ * , c * ). In particular, one finds the following local bifurcation formulas: Using the methods of Section 2 to approximate the wave profiles, we obtain a branch of solutions, depicted in Figure 9 as waveheight vs. wavespeed, with all the height profiles ψ possessing a strictly positive infimum and an increasingly sharp crest for large waveheights. In particular, we note that the time evolution about these waves indeed appears to be well-posed. In fact, a time evolution of a 2π-periodic solution of (1.2) with wavespeed c ≈ 1.1698 and max ψ − min ψ ≈ 0.387 over 15 temporal periods 15T = 15 · 2π/c very closely mapped the initial data onto itself, with residual
This demonstrates that these computed profiles with positive minimum indeed form traveling wave solutions of (1.2) that exhibit locally well-posed time evolution. Concerning the stability of these 2π-periodic positive height waves, we find that they behave similarly to ill-posed waves discussed in the previous section, with waves of sufficiently large height demonstrating modulational and high-frequency instabilities: see Figure 10 . In fact, Figure 10 (a) appears to suggest that 2π-periodic waves of small amplitude exhibit modulational instability.
Analysis of System (1.4)
We now turn our attention to the bidirectional Whitham model (1.4):
In particular, we are interested in performing an analogous study for (1.4) that was performed for the model (1.2) in Section 3.1 above. Below, we compute global bifurcation diagrams, including large amplitude solutions, and analyze the spectrum of the linearization of (1.4) about these solutions.
As mentioned in the introduction, this model was proposed and analyzed [12] . There, the authors were concerned with the local bifurcation and spectral stability of asymptotically small amplitude periodic traveling waves, finding that this model exhibits the Benjamin-Feir instability. Precisely, they prove the existence of a critical wave number κ c ≈ 1.610 such that asymptotically small-amplitude wavetrains of period 2π/κ are modulationally when κ > κ c ("super-critical"), while they are spectrally stable for 0 < κ < κ c ("subcritical"). Below, we numerically confirm this result for small amplitude waves, and also demonstrate that large amplitude waves are spectrally unstable in both the sub-critical and super-critical regimes. See Figure 12 for spectrum plots in the super-critical case and Figure 13 for spectrum plots the sub-critical case. Furthermore, from our experiments we make a conjecture regarding the nonexistence of a singular wave of greatest height.
To generate profiles, we follow the program of the numerical methods described in Section 2. First, we transform (1.4) to traveling wave coordinates:
An equilibrium solution (u, η)(x, t) = (φ, ψ)(x) of the above traveling wave system satisfies −cφ + Kψ + φφ = 0 −cψ + φ + (ψφ) = 0 which, upon integrating and setting integration constants to zero, yields
Then resolving φ in terms of ψ yields the scalar profile equation
Using the methods in Section 2.1, we numerically compute the bifurcation branch and periodic profiles with various waveheights with super-critical κ = 1.611: see Figure 11 (a)-(c). Further, in Figure 11 (d) we compute bifurcation branches of 2π/κ-periodic profiles for various κ.
In contrast to the model (1.2) analyzed in Section 3.1 above, we conjecture that the bifurcation branches associated with (1.4) will not possess peaked/cusped waves of maximum height. In fact, we believe the profiles along the global bifurcation branches will be smooth for arbitrarily large waveheight. To understand this, observe that differentiating the profile equation (3.15) and rearranging yields
Since Kψ has the same regularity as ψ, we have that ψ is smooth so long as the wave speed c remains bounded away from zero and the profiles ψ remain bounded away from ψ = −1 along the bifurcation branch. From Figure 11 ), it seems plausible that both of these conditions hold uniformly along the bifurcation branch, indicating that the bifurcation branch does not terminate in a highest To study the dynamical stability of the periodic wavetrains computed in Figure 11 , we use the general methods of Appendix A. In particular, we build truncated bi-infinite matrices whose eigenvalues approximate the spectrum of the linearization:
Plots of the spectrum at the sampled points along the bifurcation branch in Figure 11 (a) are shown in Figure 12 . In particular, Figure 12 (a) demonstrates a modulational instability for a small waveheight, while the other plots for larger waveheights show both a modulational instability and a high-frequency instability. Moreover, plots of the growth rate (λ) vs. µ for the these spectra are shown in Figure 14 . Moreover, the spectral stability of small-amplitude sub-critical solutions is shown in Figure 13 (a), as predicted by analytical theory in [12] . However, even for κ in the subcritical regime, waves of sufficiently large waveheight develop both modulational and high-frequency instabilities (see Figure 13 (b)) while small amplitude waves are spectrally stable. Moreover, waves are stable with respect to co-periodic perturbations.
Boussinesq-Whitham
Finally, we now turn our attention to the scalar Boussinesq-Whitham model (1.5) proposed in [3, Section 5]:
Since [3] does not provide details for the local bifurcation theory of this model, we sketch the Lyapunov-Schmidt reduction here. Writing the second order equation (1.5) as a first order system, we have u t = η η t = ∂ 2 x (u 2 + Ku), and changing to traveling wave coordinates yields
Equilibrium solutions (u, η) = (φ, ψ) of this system satisfy in which we can resolve ψ in terms of φ by integrating the second equation, setting the resulting constant of integration to zero, yielding the relation
Using this relationship in the first equation of (3.16) and integrating, again setting the constant of integration to zero, yields the scalar profile equation
for the velocity profile φ.
Concerning the smoothness of solutions of (3.17) , note that differentiating (3.17) implies that
As before, since Kφ has the same regularity as φ, we have by (3.18) that φ is as smooth as φ so long as c 2 − 2φ = 0. Precisely, we see that smoothness should be expected to break down if the bifurcation branch of periodic solutions of (3.17) intersects the curve φ = c 2 /2 non-trivially. In our numerical bifurcation calculations, we thus stop the continuation algorithm when the maximum value of the approximated wave exceeds c 2 /2. In order to use (3.17) to perform a numerical continuation, we first obtain local bifurcation curves from zero amplitude in order to accurately seed the continuation algorithm. Recasting By the implicit function theorem, no bifurcation can occur unless ker(K − c 2 Id) is nontrivial.
Restricting to even, real-valued, 2π/κ-periodic functions, we find that for wavespeed c κ := K(κ) = tanh(κ)/κ, the kernel of (3.19) is indeed non-trivial, with Figure 14 : (a)-(e) (λ) vs. µ for each of the spectral plots (a)-(e), respectively, for the super-critical κ in Figure 12 .
Using a standard Lyapunov-Schmidt reduction argument, one can now prove the existence of a local bifurcation curve {(c(ε), φ(x; ε))} |ε| 1 of non-trivial 2π/κ-periodic traveling wave solutions φ(x; ε) of (3.17) with wave speed c(ε). In fact, we obtain the following asymptotic formulas describing the local bifurcation curve for |ε| 1:
where c = K( ) = tanh( )/ . Using the above bifurcation formulas, along with the methods of Sections 2.1 and 2.2, we can generate numerical bifurcation diagrams of 2π/κ-periodic even solutions for this model: see Figures  15(a), (d) . Numerical approximations of the profiles at the sampled locations on the bifurcation branch of 2π-periodic solutions are displayed in Figure 15 (a) are presented in Figure 15(b) . Near the top of the bifurcation branch of 2π-periodic solutions, the profiles begin to display a cusp singularity, similar to what was observed in the model (1.2) in Section 3.1 above. See Figure 15(c) .
To study the stability of these periodic traveling wave solutions, we again follow the method of Appendix A and define the following bi-infinite matrices whose eigenvalues, after finite-dimensional truncation, approximate the spectrum of the corresponding linearization: 
Plots of the spectrum, along with the growth rates (λ) with respect to the Bloch parameter µ, are shown in Figures 16 and 17 , respectively. Based on these numerics, we see that, similar to the other models considered here, all waves of sufficiently large waveheight appear to exhibit both modulational and high-frequency instabilities, while high-frequency instabilities for asymptotically small waves are unobserved in our experiments. Furthermore, all computed waves appear to be spectrally stable with respect to co-periodic perturbations.
Conclusion
Using well-conditioned numerical methods, we have presented numerically-computed waveheight vs. wavespeed global bifurcation diagrams for three fully-dispersive bidirectional Whitham models and studied the spectral stability of such waves by numerically approximating the spectrum of their associated linearized operators in both small and large amplitude regimes. Our results confirm a number of analytical results concerning the stability of asymptotically small waves in these models and provide new insight into the existence and stability of large amplitude waves, including highest singular waves. We note that while these models compare similarly with regard to existence and stability, we find evidence that the model (1.4) does not have a highest singular wave. Furthermore, we provide numerical evidence that the conditional well-posedness result in [9] is in fact sharp, in the sense that local evolution of initial data with height profiles with negative minima appears to be ill-posed. This has led us to construct and analyze new wavetrain solutions of (1.2) with strictly positive height profile, ensuring the local dynamics about such waves is indeed well-posed.
A Appendix: General Framework for Computing the Spectrum of the Linearization
In this appendix we seek to generalize the method for shown in Section 3.1 for setting up a biinfinite matrix representation of a linearized operator, whose spectrum is suitably approximated by truncating to finite dimensions. Recall that we are dealing with nonlinear traveling wave models of the form (1.8). To linearize the operator associated with such a model about an equilibrium solution (u(x, t), η(x, t)) = (φ(x), ψ(x)), we first express solutions u and η as localized perturbations from equilibrium:
with v(·, t), w(·, t) ∈ L 2 (R) for each t > 0 for which they are defined. Substituting (A.1) into (1.7), Taylor expanding, and taking ε → 0 yields
As was done in [22] for the Whitham equation, we will apply Bloch theory to study the 2π-periodic spectrum of the linearization by writing
where c.c. denotes complex conjugate of the preceding expression (in order to ensure the reality of the functions v and w), and
with Bloch coefficients V (l), W (l) for l ∈ Z and Bloch parameter µ ∈ [0, 1). Per equations (A.2), we will need to understand how the operators
, and G ∂ j x η act on the Bloch decompositions (A.4). In the models of interest, these operators will be linear combinations of 2π-periodic multiplication operators and the (pseudo)differential operators K, ∂ x . We derive the Bloch transforms of such operators here.
If f is a 2π/κ-periodic function (multiplication operator), then we may represent f in Fourier series as
Hence the Bloch transform of the product f V is given by
Moreover, the Bloch transform with parameter µ acts on the derivative operator ∂ x as
and, by analogy, the Bloch transform acts on the pseudodifferential operator K as
Substituting (A.3) into (A.2) and taking the Bloch transform of both sides, we have the simultaneous eigenvalue problems We solve this eigenvalue problem for µ in a discrete subset of [0, 1). For our computations, a uniform mesh was used. Remark A.1. The above method is inspired by the Fourier-Floquet-Hill Method (FFHM) given in [4] , which is used to compute the spectrum of a linear, locally-acting operator having periodic coefficients. As was done in [4] , we define convergence of the spectral approximation in the sense that any eigenvalue λ To obtain the approximate Fourier coefficients φ and ψ (in the exponential basis) needed to construct the the bi-infinite matrix L Remark A.2. The approximation of ψ(n) above requires that ψ be an even function. This is always the case since we are considering models for which ψ can be resolved in terms of φ, hence ψ = ψ(φ(x)) is also an even function.
As an example, here we show the relevant calculations in detail for the model (3.1) as a concrete demonstration of the more abstract framework established in this appendix. Recall that this model is given by u t = cu x − η x − uu x =: F (u, u x , η, η x ; c) η t = cη x − Ku x − (ηu) x =: G(u, u x , η, η x ; c),
with equilibrium solutions u(x, t) = φ(x), η(x, t) = ψ(x). Beginning with (3.9), we first compute F u (φ, φ , ψ, ψ ) = −φ , F ux (φ, φ , ψ, ψ ) = c − φ, F η (φ, φ , ψ, ψ ) = 0, F ηx (φ, φ , ψ, ψ ) = −1.
All of the above are 2π-periodic multiplication operators, hence we apply (A.5) to achieve the following formulas for m ∈ Z: 
